ABSTRACT This paper proposes a novel analytical method for the analysis of the dynamics of electrical machines. The method is applied to the analysis of complex permanent magnet (PM)-type magnetic contactors (MCs), which exhibit strong magnetic non-linearities and a high portion of stray and leakage magnetic fluxes. The latter means that the analysis of PM-type MCs using traditional magnetic equivalent circuit (MEC) methods is impossible, thus requiring computationally expensive and time-consuming finite element analysis (FEA). To overcome the limitations of traditional MECs, the magnetic field distribution in PM-type MC is studied in great detail, and a novel non-linear dynamic MEC (ND-MEC) method is proposed. The accuracy of the ND-MEC method is comparable to that of FEA which is achieved by accounting for non-linear effects and dynamic changes in the magnetic flux distribution using a novel stray path elliptical function. Furthermore, the applicability of the ND-MEC is extended to the time domain by combining it with the time difference method (TDM). The complete method, referred to as the non-linear transient path energy method (NT-PEM), combines the ND-MEC, TDM, and a path energy method for the calculation of electromagnetic forces. The validity of the NT-PEM is verified by comparing it with 3D FEA and experimental results obtained from a PM-type MC prototype. The NT-PEM is a fast and inexpensive alternative to FEA, which is particularly advantageous when many designs must be analyzed and optimized while reducing analysis costs. The proposed method can also be applied to the analysis of emerging technologies dealing with multiphysics coupled problems, as in the case of smart materials.
I. INTRODUCTION
With the increase in computational speeds and advances in numerical methods, analysis techniques such as the finite element method (FEM) have become indispensable and powerful analysis tools [1] - [4] . However, even with the use of high-performance computers, analyzing a large number of models or running optimization algorithms substantially increases the overall analysis time [5] , [6] . Because the FEM divides a continuous model into a finite number of nodes and elements via meshing, the number of equations
The associate editor coordinating the review of this manuscript and approving it for publication was Bing Li. increases dramatically, potentially leading to significant computational time [7] . Furthermore, structural and material nonlinearities can dramatically increase the number of iteration steps required for the analysis to converge [8] . In addition, finite element analysis (FEA) has several disadvantages compared to analytical models [9] , [10] . For instance, with the increasing complexity of a model, the mutual influence of various design parameters becomes difficult to estimate [11] . Therefore, the high accuracy of the method comes at expense of time and the loss of certainty in result interpretation.
The disadvantages of the FEM mean that accurate analytical techniques are particularly advantageous in the early design stages when many different designs and design parameters are considered [12] , [13] . A common and reliable method used for this purpose is the application of equivalent electric circuit of magnetic circuit of electrical machines, or magnetic equivalent circuit (MEC) [14] , [15] . Other types of equivalent circuits, such as mechanical or thermal, are also very useful for modeling kinematics or temperature distribution [16] . However, these approaches are usually considered less accurate compared to FEM due to several inherent limitations. First, the MEC models are essentially one-dimensional (1D) because the currents, or fluxes in the magnetic analogy, correspond only to the normal components of the corresponding three-dimensional (3D) electromagnetic field vectors. Second, capturing the non-linear properties of materials and their complex geometries is usually extremely difficult. Third, the magnetic field distribution is heavily simplified because the flux paths are restricted to a limited number of conductive branches for each of which the flux is constant. Finally, fluxes that deviate from the flux guide regions are typically ignored.
Nevertheless, MEC models can be extremely useful in the initial design stages due to their simplicity, their reduced computational time, the transparency of the effects of different parameters, and their compatibility with optimization algorithms [17] . However, the application of the MEC method to actuator designs with complex geometry is impossible due to the complicated flux distribution, which cannot be captured by traditional MECs [18] , [19] . Moreover, the strong magnetic fields, which lead to the magnetic saturation of the actuator's core, can increase the error of traditional MECs even further due to associated non-linear effects [20] . Consequently, time-consuming FEA is most often used for the analysis of geometrically complex models where non-linearity is high due to the magnetic saturation effects [21] , [22] .
To address these problems and improve the accuracy of the MEC method, this paper proposes a novel non-linear dynamic MEC (ND-MEC), which can account for changes in MEC parameters arising from the saturation of the core and the motion of the actuator's armature. The structure of the proposed ND-MEC is rather simple, which ensures rapid analysis because computational time is proportional to circuit complexity [23] . In order to account for core saturation, the ND-MEC incorporates an iterative algorithm for the correction of varying core permeability using a µ r (H ) rational function that approximates B-H material experimental data and displacement-dependent parameters that change according to the dynamic behavior of the actuator. Moreover, the introduction of position-dependent stray path reluctances allows the 3D paths of stray fluxes to be modeled with high accuracy using a novel elliptical function proposed in this study. The proposed ND-MEC method maintains the simplicity of traditional MECs and combines it with innovative advantageous features leading to substantially shorter computational time compared to 3D FEA.
The proposed ND-MEC method is used to analyze a 220V/85AF magnetic contactor (MC) with a complex 3D field distribution that has a considerable portion of its total flux deviating from the main flux path [24] . This high flux leakage compared to other types of electrical machines, especially rotating electrical machines, is a consequence of the large air gaps in the MC. When the MC is in an open state, large working gaps, which are part of the main magnetic flux path, are a necessary design feature to ensure the reliable breaking of the current in a controlled circuit, decreasing the chances of arcs and contact welding. This flux leakage means that the analysis of MCs using the MEC method is substantially more complex than, for instance, that of interior permanent magnet (IPM) motors, which have been studied extensively in recent years [19] , [25] , [26] .
The ND-MEC method proposed in this paper is also combined with the time-difference method (TDM), allowing the complete dynamics of the studied MC to be evaluated [27] . This combined analytical method for the evaluation of the dynamics of electrical machines, referred to as the nonlinear transient path energy method (NT-PEM) in this paper, is shown to be extremely fast and accurate. The method owes its name to the way in which the contribution of different flux paths is considered, as discussed in detail in Section VI. The path-dependent effects and energies associated with different flux paths in the target MC that are considered by the NT-PEM significantly influence traditional design parameters, such as the magnetic circuit saturation conditions. Furthermore, the influence of path energies extends further, affecting the overall performance of the MC, including coil currents, electromagnetic force, armature displacement or rotor positions. The NT-PEM can be employed in the design and analysis of a variety of electrical machines and holds the potential for further generalization due to its multiphysics capabilities and applicability in multidisciplinary research [28] , [29] . The validity of the proposed method is verified by comparing its results with those obtained from 3D FEA using the commercial software tool JMAG and experimental results obtained from an MC prototype.
II. ANALYSIS OF AN MC WITH A PERMANENT MAGNET A. OPERATING PRINCIPLES OF THE 220V/85AF MC
This paper studies the dynamic behavior of the 220V/85AF MC shown in Fig. 1 . MCs are an essential component of the switchgear in electrical systems, employed along with other circuit breakers and fuses to ensure reliable operation and protect the system from adverse malfunctions or damage. MCs are primarily used to switch power circuits in lowpower electrical machines, such as electric motors, lighting and heating circuits, and capacitor banks. The switching procedure is executed by the actuator in the MC, which separates the moving contacts from the stationary contacts, as shown in Figs. 1 (b) and (c). Originally, a spring mechanism was used for this purpose due to its low cost, but a mechanical spring is unreliable due to its high risk of malfunction.
Solenoid actuator technology has been proposed as a solution to the problems encountered by spring-type MCs. A solenoid-type MC offers numerous advantages, including remote control and greater reliability. However, solenoid-type MCs consume more energy, decreasing their efficiency and increasing overall energy loss and heat generation. They are also subject to more mechanical vibration and noise because solenoid-type MCs need to be energized when they are in a closed state. The holding force in a closed state is produced by periodic AC current, so the electromagnetic force oscillates, leading to vibrations that increase the probability of contact welding, decreasing the reliability of the MC.
Permanent magnet-(PM-)type MCs have been proven to be able to overcome the drawbacks of solenoid-type MCs [24] . The closed state of a PM-type MC is maintained by the attractive electromagnetic force between the magnet and the stator core. This force is produced by the magnet, so no electric current is required when the MC is in a closed state, meaning that PM-type MCs are significantly more energy efficient and eco-friendly compared to solenoid-type MCs. Furthermore, the constant, non-oscillating holding force produces no vibrations, preventing contact welding. In addition, this type of MC does not require core lamination and has a mechanical guiding structure. The former feature reduces manufacturing costs, and the latter increases the mechanical stability.
As shown in Figs. 1 (a) and (b), the flux guide of the studied MC consists of a stator, an armature, opening and closing coils, and a magnet. Four operating regimes characterize the MC: closing, maintaining the closed state, opening, and maintaining the open state. Fig. 1 (b) shows that, in an open state, the armature is located at its maximum distance from the stator and the moving contacts are not in contact with the stationary ones. When the closing coil is connected to the voltage source, the magnetic field produced by the induced current aligns with the PM's magnetic field, resulting in an attractive electromagnetic force ( Fig. 1 (c) ). When the armature reaches the stator and the air gap is minimized, the closing coil disconnects from the voltage source and a closed state is maintained by the holding force produced by the PM. In closed state, the moving and stationary contacts are connected, allowing the flow of current within the controlled circuit, as shown in Fig. 1 (d) . As discussed in further detail in Section V, the opening of the MC is initiated by energizing the opening coil using a capacitor that is charged during the closing operation. The direction of the magnetic field produced by the opening coil current is opposite to that of the PM magnetic field, resulting in electromagnetic repulsion ( Fig. 1 (e) ). The opening operation is assisted by a mechanical spring to ensure the rapid switching of the controlled current (not shown in Fig. 1 ). At the end of opening operation, the MC is in an open state, ready for the next closing operation.
B. STRUCTURE OF THE PROPOSED ND-MEC
The stator and armature, which are shown in detail in Fig. 1(a) , form the magnetic flux guide of the MC. To simplify the discussion of the model, the following notation system is utilized: the width of the i-th region in the x-direction is denoted as a i , its height in the y-direction is h i , and the length in the z-direction is l i . As shown in Fig. 1 (a) , the stator core consists of a pole (region 1), a bottom plate (region 3), and walls (region 4). The armature consists of a central pole (region 2), an NdFeB magnet, and an upper plate (region 5). There is one gap in the center of the contactor between the stator and armature poles, and two gaps, one on each side, between the stator walls and the upper plate of the armature. There is a non-magnetic bolt located at the center of the armature used for positioning the magnet ( Fig. 1 (b) ). The regions with different geometries and/or properties are represented by different reluctances in the ND-MEC. Traditional MECs typically consider only the main flux paths, as shown in Fig. 2 . Because the main paths only include the core regions and the shortest air gap paths, their use VOLUME 7, 2019 in actuator analysis with a complicated 3D flux distribution can lead to considerable error. This can be illustrated by the comparison between the analysis using an equivalent circuit in Fig. 2 (b) and FEA results. In the equivalent circuit, the magnetomotive force (mmf) F c produced by the coils is represented by the voltage source. In a similar manner, the PM is modeled as the mmf source F m with a series reluctance [23] , [30] . All of the core and air gap regions are represented by the reluctances R i and R gi , respectively. The parameters of this circuit can be represented by
where l i is the flux path length in the i-th reluctance (m), A i is its cross-section area (m 2 ), µ is the permeability of free air (H/m), µ ri is the relative permeability, N c is the number of coil turns,i c is the coil current (A), H c is the coercive force of the magnet (A/m), and h m is the height of the magnet (m). In order to demonstrate the inaccuracy of the main path circuit, the problem is solved using both a main-path MEC and the FEA software JMAG. For this experiment, the coil parameters are i c = 2.5 A and N c = 2000, and the analysis is conducted for both the open and closed state of the MC, i.e., when the air gaps are at their maximum and minimum value, respectively. The analysis results shown in Table 1 illustrate that the accuracy of this MEC is not acceptable for MC design. Therefore, further analysis is conducted on an MEC that includes additional reluctances that account for the paths that fluxes take deviating away from the main path, i.e., the complete ND-MEC proposed in this research (Fig. 3) . Multiple stray and leakage flux path reluctances are included in the circuit, such as the magnet leakage reluctance R ms , the main air gap stray path reluctance R g1s , the coil to stator stray path reluctance R c1s , the coil to the armature stray-path reluctance R c2s , the side gap stray path reluctance R g2s , and the R g2f reluctance, which accounts for the 3D effects of the magnetic distribution near the side gap regions. Core regions R c1 -R c5 are divided into multiple sub-regions, providing points of connection for stray path branches with the flux guide. Reluctance R c21 accounts for changes in the core cross-sectional area due to the non-magnetic bolt used to position the magnet. It should be noted that the geometry of contactor's core has a significant effect on the ND-MEC structure. For instance, the coil flux could be expected to flow directly to the stator walls (the R c41 -R c42 region). However, because the central part of the armature is cylindrical and the stator walls are rectangular, the paths between most of the points on the cylinder and those located on the stator walls are relatively long, making these paths less preferable (see Fig. 4 (a) ). On the other hand, the top and bottom rectangular plates provide a considerable area for the flux to pass through, rendering the associated paths extremely conductive (Fig. 4 (b) ). Hence, the geometry of the MC should be considered carefully when designing an ND-MEC model.
The analysis results shown in Table 1 illustrate that the accuracy of this MEC is not acceptable for MC design. Evaluating the parameters of the ND-MEC in Fig. 3 is more complicated compared to the main flux MEC in Fig. 2 for a number of reasons. Stray paths pass through air regions, making the calculation of the associated reluctances challenging, while most of the reluctances in Fig. 3 , including the stray path reluctances, vary with the position of the armature due to changes in the size of the air gaps. In addition, changes in the supply current lead to changes in the core steel B-H curve operating point and the permeability of the core reluctances. In order to address these problems, this paper presents an iterative algorithm that takes core non-linear properties into 37836 VOLUME 7, 2019 account and proposes a novel method that uses an elliptical function to evaluate the stray path reluctances is proposed in this paper. 
III. DETERMINATION OF THE RELUCTANCES IN THE ND-MEC A. CONSIDERATION OF NON-LINEAR EFFECTS IN CORE REGIONS
While handling material non-linearities is usually considered a challenge for a traditional MEC, new approaches have been proposed in recent years [31] , [32] . Many authors have proposed utilizing curve-fitting techniques to obtain a polynomial representation of the B(H ) relation, whereas peacewise approximation and other types of interpolation have also been employed [25] , [33] . In this paper, a recently proposed method utilizing the rational function µ r (H ) is used to calculate the relative permeability at every step of the iterative procedure shown in Fig. 5 [34] . This rational function allows the representation of a discrete dataset with a continuous function constructed of the sum of the fractions of low-order polynomials. For the B-H dataset of the steel used in this study, the function is obtained from (4) and (5) [shown at the bottom of this page]
where H is the magnetic field strength (A/m), and B is the magnetic flux density (T). As shown in Fig. 5 , the smooth function B(H ), obtained by combining (4) and (5), fits the experimental data extremely closely. The root mean square (RMS) error in the flux density is only 4 · 10 −4 T. This proves the applicability of the proposed method in modeling the non-linear properties of the core material. Function (5) is used to correct the permeability values for the core reluctances Rc11-Rc53 at every step of the iterative procedure described below. The proposed iterative algorithm for core permeability correction shown in Fig. 6 has one initial step and a varying number of following iteration steps. First, the circuit equations are solved using the initial core permeability. In the first iterative step, the initial value µ r.ini = 4000 is used. For the obtained fluxes, the field intensity H is calculated using (5), which is further used to calculate updated values for µ r , thus adjusting the core reluctances. The circuit equations are then solved again for the updated circuit parameters, and the relative change in flux density B/B is calculated for every core reluctance element. This procedure repeats until all reluctance elements satisfy a desired tolerance. The updated values of the field intensity H i for all core reluctances are calculated using (6) .
where i is the magnetic flux in the i-th branch (Wb).
B. DETERMINATION OF THE RELUCTANCES FOR THE MAIN FLUX PATH OF THE ND-MEC
The main flux reluctances were previously mentioned in Section II. It should be stressed that the main assumption for the main flux path is that the flux does not deviate from strictly horizontal or vertical paths, as shown in Fig. 2 (a) . Therefore, the main path reluctances conduct fluxes that primarily have only one component normal to the flux guide surface. This is particularly important for air regions because any change in the flux and energy stored in these reluctances contributes fully to the output force. However, this is not true for the energy stored in the stray path reluctances. This will be discussed in detail in Section VI. Only two reluctances in the circuit correspond to the main path air reluctances: Rg1 and Rg2. They can be expressed as
where l g1min and l g2min are main and side air gap lengths in a closed state (m), r 1 is the radius of the cylindrical armature core section (m), a 4 and l z4 are the width and length of the stator wall, respectively (m), and x is the position of the armature (m). Therefore, the sums in the numerators in (7) and (8) are the total lengths of the corresponding air gaps. Because it is assumed that the flux does not deviate from a straight path, areas A 1 and A 4 correspond to the geometry of the flux guide sections adjacent to the air gaps.
C. A NOVEL METHOD FOR THE CALCULATION OF STRAY PATH RELUCTANCES
While leakage flux modeling is important for all electrical machines, it is essential in this study due to the considerable proportion of the total flux that deviates from the main path of the MC. All of the flux paths that do not coincide with the main path pass through air regions and are longer than the main paths. This leads to a common assumption that the reluctances associated with these paths are large and that leakage fluxes are much lower than the main flux. However, this is not the case in this type of MC. This can be illustrated by analyzing the difference between the traditional MEC shown in Fig. 2(b) and the proposed ND-MEC in Fig. 3(b) . The reluctances added in Fig. 3 (b) account for the paths that the fluxes take in regions where the reluctance of the main path is expected to be comparable with the stray path reluctances. It should be mentioned that the flux distribution and the tendency of the flux to deviate from the main path changes with armature motion. Therefore, the reluctances of the stray paths change with the position of the armature, greatly complicating the analysis. This problem is addressed using the novel technique discussed below.
In general, the calculation of stray path reluctances is complicated because the path lengths and associated crosssectional areas are unknown. Therefore, certain assumptions need to be made. A common assumption used for stray flux modeling utilizes the concept of flux tubes [35] - [37] . Flux tubes permeate the entire space, are finite in number, and conduct constant magnetic fluxes, just as the MEC branches normally do. The geometry of the flux tubes determines the reluctances of associated regions [38] . In this context, it is important that the main air path flux tubes do not bend, meaning that the associated fluxes have zero tangential components. However, leakage flux tubes do bend upon leaving and re-entering the flux guide regions, and the shapes of the associated flux tubes can vary. It has previously been proposed that stray fluxes should be treated as fluxes that follow straight lines or circular paths, or a combination of both [39] , [40] . These approaches have shown some success in stray path modeling. However, these approaches require air regions to be relatively small compared with the size of the flux guide core, which is not the case for the studied MC. This leads to the ''stretching'' of field lines along the length of the air gaps, resulting in the inapplicability of the above methods.
The novel approach proposed in this paper aims to provide a generalized approach for stray path modeling and the calculation of related reluctances. First, the areas that contribute to the stray flux reluctance are divided into a finite subset of areas. This is done by introducing the parameter a s [40] , which can be determined based on step a s1 and the position of the center of a flux tube, as shown in Fig. 7 . For each flux tube, the length of the path is calculated using the elliptical function described below. This avoids the necessity of guessing the shape of the path. The application of the elliptical function is possible because magnetic field lines tend to follow elliptical paths [41] , [42] . When field lines are modeled as elliptical paths, two extreme cases are possible: straight-line paths, when the focal distance of the ellipse tends towards infinity, and circles, when the focal distance approaches zero. While the calculation of reluctances based on straight lines and circular arcs is more straightforward, the elliptical arc approach allows for the path length of arbitrary stray fluxes to be determined thereby avoiding the limitations of other methods. Therefore, the application of the elliptical function provides a generalized approach that incorporates other methods as special cases (e.g., zero and infinite focal distances). 
1) CALCULATION OF THE RELUCTANCES USING A 1/4 ELLIPTICAL ARC FUNCTION
In this study, two types of stray path are considered: elliptical arcs that represent either a quarter (1/4 ) or half (1/2 ) of the circumference of a complete ellipse. For 1/4 elliptical arc paths, the foci of the associated imaginary ellipse are located on different sides of an air gap between the core regions, as illustrated in Fig. 8 . It should be mentioned that, whereas 3D FEA modeling is used to verify both the ND-MEC and NT-PEM proposed in this study, figures illustrating the 2D magnetic field distribution are used for discussion purposes due to the clarity of the magnetic field lines. For 1/4 elliptical arc paths, the total air gap length is half the focal distance, and the parameter a s determines the distance between the air gap and the center of the associated flux tube. Therefore, by defining the maximum value of a s and the increment a s1 , the number of parallel flux tubes for the same effective area can be defined. Each of these contributes to the total reluctance of a particular stray flux path as
where R s is the reluctance of a single flux tube (1/H), l s is the length of the associated path (m), and A s is the cross-sectional area associated with the path (m 2 ). Ideally, the flux tubes cover all of the available area and occupy all of the free space. However, the effect of adding new flux tubes diminishes as their number increases due to the gradual increase in their length. Therefore, it is reasonable to limit a s based on the geometry of a particular stray region. For 1/4 elliptical arc path lengths, l s is calculated as
C(a, e) = 4aE(e) (12)
where C(a, e) is the circumference of an ellipse (m), f is the distance between the ellipse center and its focus (m), a is the length of the semi-major axis (m), e is the eccentricity, and E(e) is a complete elliptical integral of the second kind [43] - [45] . Because (13) in general has no analytical solution, an approximation derived by Ramanujan is used [46] :
where b is the length of semi-minor axis (m). The proposed approach is used to calculate the following reluctances: R ms , R c2s , R c1s , R g2s , R g2so , and R g2sb (see Fig. 3 (b)). Although (9)- (17) comprehensively summarize the general form of the proposed approach, specific reluctances and their roles should be discussed in detail. First, R ms is the magnet flux leakage reluctance, which accounts for the flux circulating around the magnet and is not linked with the coil. R ms is calculated as
where r m is the radius of the magnet (m), and h m is the magnet height (m). In a similar manner, the path lengths of the other reluctances are calculated using the above expression for the circumference C by (16) . This type of leakage is typical for electrical machines [47] . It should be noted that a s1 must be sufficiently small in order to approximate the 3D field distribution correctly. Another assumption should be made about the number of steps in (18) . For the air region surrounding the magnet, a s determines the extent to which the core regions contribute to R ms rather than the stray reluctance R c2s . In this study, it is assumed that the total area contributing to R ms is smaller than that contributing to R c2s . This is based on observations made during FEM analysis. Therefore, the maximum value of a s in (18) is relatively small. R c2s is the coil to armature stray reluctance, which is calculated as
where r 2 is the radius of the central section of the armature core (m). R c2s has a very high influence on the overall behavior of the circuit. This is related to the fact that it represents a region surrounding another poorly conducting region (i.e., that of the magnet). Because the magnet permeability is close to the air permeability, a considerable portion of the magnetic flux tends to flow outside the main path through neighboring air regions. It will be shown that the flux through R c2s and the energy stored in this reluctance both are relatively large. The coil to stator stray reluctance R c1s is calculated as
where h 1 is the height of the pole at the center of the stator (m), and l g1 is the length of the main gap (m). Similar to the previously discussed reluctance R c2s , this reluctance accounts for the part of the main flux arriving directly at the bottom plate of the stator, avoiding the main gap. However, this reluctance is rather large because the paths that the fluxes take are much longer. Moreover, the pole at the center of the stator makes the main path much more conductive in this section of the MC, in contrast with the upper section.
Finally, there are three stray reluctances and one leakage reluctance associated with the side gap R g2 . The path lengths for all three stray reluctances are described by 1/4 elliptical arc functions. The first reluctance, R g2s , accounts for the flux passing from the stator to the armature upper plate via internal paths and is described by
where l 5 is the length of the core in the z-direction (m), and l g2 is the length of the side gap determining the main flux path (m). R g2s reluctance plays a considerable role because the main flux path reluctance of the side air region R g2 is rather large, and it is surrounded by other air regions. Consequently, the permeances of the adjacent paths are comparable with the permeance of the main path. This can be seen clearly for large air gaps. Because the main path is narrow, 
However, this reluctance does not have as much influence on the magnetic field distribution because a s is limited by the length of the extended core section on the left side of the air gap in Fig. 9 , which is relatively short. Therefore, the effective area of the stray flux region is relatively small. Finally, part of the flux flows from the top of the stator wall to the sides of the armature upper plate. This is taken into account by the following reluctance
where l 3 is the z-direction length of the stator (m)
It should be mentioned that the accurate calculation of the effective areas of the stray path flux tubes is another challenge, for which a reliable methodology has not yet been developed. Moreover, a flux tube cross-section can vary along the length of the tube depending on the shape and size of adjacent core sections. Therefore, certain assumptions have been made for every reluctance when approximating A s in (9) . For most reluctances, the effective cross-sectional areas are assumed to be 3/2 the area at the beginning of the corresponding flux tube. However, several reluctances require additional modification. Specifically, a multiplier of 2 is used in (18) , and one of 2.35 is used in (19) . This can be interpreted as an increase in the flux tube cross-sectional area towards one side due to the larger available area (e.g., the plates on the top and bottom sections of the contactor).
2) CALCULATION OF THE RELUCTANCES USING A 1/2 ELLIPTICAL ARC FUNCTION
For 1/2 elliptical arcs, it is assumed that the center of the ellipse is at the center of the air gap and the core regions are at the focal distance, as illustrated in Fig. 10 for the main gap region. Therefore, the focal distance f is half the air gap length, and path length l s is half the ellipse circumference:
The rest of the argument is the same as for the 1/4 elliptical arc paths, and (14)- (17) are used to calculate the circumference by (24) . Only two reluctances in the ND-MEC use this expression. The first is the main air gap stray reluctance: (25) Fluxes that avoid the main gap are usually addressed using traditional MEC methods in the same manner as leakage fluxes because they do not contribute energy to the main air gap. However, this study makes a distinction between stray and leakage fluxes because the former still contribute to the contactor output force. The flux for the reluctance R g1s still connects the stator with the armature, partially contributing to the total linked flux. The consequences of this observation are discussed in more detail in Section VI. Finally, the side gap flux leakage reluctance is expressed in the following way:
where a 5 and a 3 are the lengths of the upper plate of the armature and the bottom plate of the stator (m), respectively. Reluctances (22) , (23) , and (26) are all connected in parallel and are represented by a single reluctance in Fig. 3 (b) calculated as
D. VERIFICATION OF THE ELLIPTICAL FUNCTION FOR STRAY PATH RELUCTANCE CALCULATION
In order to verify the validity of the proposed method for stray path evaluation, an analysis of the simple magnetic circuit shown in Fig. 11 (a) is conducted. This model consists of one coil and one air gap located so that the field distribution is similar to that in the interior region of the side air gap of the original contactor shown in Figs. 8 and 9. The equivalent magnetic circuit shown in Fig. 11 (b) consists of several core regions with high permeability, one low-permeability air gap region, R g2 , and the stray flux reluctance R g2s which is the main focus of this experiment. Linear material properties are used in this experiment to prevent core saturation from interfering with the results. Two experiments are conducted in FEA. First, the interior air region is excluded from the finite element (FE) model, implying that no stray fluxes are allowed in FEA. Following this, the interior air region is included in the FE model to model interior stray fluxes. As a comparison, for the MEC in Fig. 11 (b) circuit equations are also solved for the two cases. First, R g2s = 0, corresponding to a traditional MEC approach. Second, R g2s is calculated using the elliptical function discussed in Section III, using the step value a s1 = 0.1 mm, corresponding to the ND-MEC method. Table 2 shows that the FEA and MEC solutions match exactly when interior air is excluded. It should be noted that the circuit with R g2s = 0 corresponds to the main flux path MEC. When interior air is included, the air gap flux density in the FE solution remains the same, but core flux density almost doubles. This means that the total flux doubles as well; however, this extra flux does not pass through the main gap. Consequently, this is not reflected in the MEC when R g2s = 0. When R g2s is included in the MEC, as in the proposed ND-MEC method that uses the proposed elliptical function, the results match those of the FEA with an error of only 1%.
It should be mentioned that, when stray fluxes are allowed only near the gap and a s is small, the influence of R g2s diminishes and the error approaches 50%. In contrast, the error falls to 1% when all of the internal areas contribute to the stray flux. This simple experiment illustrates that the proposed elliptical function and stray flux in the ND-MEC can model stray field effects with high accuracy. Fig. 3 (b) represents the proposed ND-MEC in its most comprehensive form, but it can be simplified if the series and parallel reluctances are combined and the symmetry of the circuit is considered. First, reluctances that are clearly in series or parallel are used to calculate equivalent reluctances, resulting in the circuit shown in Fig. 12 (a) . The reluctances in Fig. 12 (a) can be calculated using
IV. FORMULATION OF EQUIVALENT CIRCUIT EQUATIONS AND SOLUTION FOR THE ND-MEC
Furthermore, because the structure of the circuit on the left and right sides of the central branch R1-R2-R5 is identical, the ND-MEC can be reduced to the state shown in Fig. 12(b) . Finally, the reluctances in Fig. 12 (c) are calculated as a combination of previous reluctances:
The final version of the circuit, shown in Fig. 12 (c) , is solved using the mesh current method. When the loop fluxes 1 -3 are obtained, the fluxes in the ND-MEC branches of interest are calculated using the known rules of the mesh current method. In the formulation of the final system of equations in matrix form (33), 1 is the flux of the loop with the coil mmf source F c , 2 is the flux of the VOLUME 7, 2019 loop between the circuit and magnet loops, and 3 is the flux of the loop with the magnet mmf source F m (Wb), as shown in Fig. 12 (c) .
Steady-state experiments are conducted for the closed and open states of the contactor and compared to the 3D FEA results shown in Fig. 13 in order to verify the ability of the ND-MEC to model the magnetic field distribution. In these two experiments, the armature position is kept constant, and changes in the main air gap flux density due to variation in the current are monitored. The main air gaps in the open and closed states are 0.1 mm and 7.1 mm, respectively, leading to the saturation of the core in the closed state. This is reflected in the shape of the flux density curve in Fig. 13 (a) . In contrast, the main flux is much lower in the open state, resulting in a lower flux density and the nearly linear relationship between flux density and current. The maximum difference between the ND-MEC and 3D FEM solutions is about 6%. Additionally, the flux distribution in different branches of the ND-MEC is assessed for the maximum current used in the analysis shown in Fig. 13 . It is notable that most of the total flux, which is flux c23 in reluctance R c23 , passes through the main gap in the closed state, as shown in Table 3 . This is expected because the air gap is small, and the main gap stray flux is extremely low. However, the stray fluxes in the upper section of the armature ( g2s g2f , and c2s ) are already considerable. It can be observed that about half of the main flux flows along the main path (flux m through reluctance R m ), whereas as much as one-third of the total flux follows the stray route R c2s . The side gap flux distribution is also affected by stray paths, with g2s almost twice as high as the side gap flux g2 in R g2 . This illustrates the importance of stray flux modeling in this contactor. This argument is also supported by the analysis of the flux distribution in the open state of the contactor. The main gap stray flux g1s flowing through reluctance R g1s is almost as high as the main flux g1 . This is because the main gap is larger in an open state, and the difference in reluctance between the stray and main flux paths falls. It should be noted that, because stray path lengths are longer, stray reluctances store more energy than main path reluctances, as will be shown in Section VI. These results illustrate the technical superiority of the proposed ND-MEC over traditional MECs because it can be used to gain valuable information about the flux distribution, which has a significant effect on the overall performance of the MC. 
V. FORMULATION OF COUPLED ELECTRIC-MAGNETIC-MECHANICAL EQUATIONS FOR THE ANALYSIS OF MC DYNAMICS A. AFORMULATION OF THE ELECTRICAL CIRCUIT EQUATIONS FOR THE MC
The electrical circuit for a contactor includes a voltage source, a capacitor, and closing and opening coils as shown in Fig. 14 . When switch S1 is closed and switch S2 is open, the contactor's closing coil is connected to the voltage source, which simultaneously charges a capacitor [24] :
where R c is the closing coil resistance (ohm), L c is the closing coil inductance (H), and V c is the capacitor voltage (V). However, because back electromotive force (emf) can be induced by both changes in the current and changes in armature position, (37) is written as
where L ci is the change in flux linkage due to the change in current di (H), L cx is the change in flux linkage due to displacement dx (Wb/m), and C is the capacitance (F). On the other hand, when switch S1 is closed and switch S2 is open, the capacitor that was charged during the closing of the MC energizes the opening coil. This produces a repulsive force between the coil and the magnet, moving the armature away from the stator. Equations (42)- (45) summarize the circuit equations for the opening operation
where R c , L oi , and L ox are opening coil parameters that are identical to R c , L ci , and L cx , respectively.
B. FORMULATION OF MOTION EQUATIONS
The motion of the armature is described by Newton's equation of motion neglecting friction:
where m is the mass of the armature with a moving contact (kg), F grav and F mag ,are the gravitational and magnetic forces, respectively, acting on the armature (N), and F spring is the elastic force of the opening spring (N). The velocity and displacement of the armature are calculated as
C. FORMULATION OF THE TIME DIFFERENCE METHOD FOR THE MC
The above equations describe the complete dynamics of the contactor, but solving them analytically is generally not possible unless additional techniques are employed. In this study, the TDM is implemented to convert the differential equations (38) - (48) to their algebraic form [48] - [50] . As a result, B-H material non-linearities and the complicated association between the stray flux reluctances and displacement can be evaluated at every time step, which further contributes to the accuracy of the force calculation discussed in Section VI. For the n th time step of length dt, the governing dynamics equations for the closing operation are derived based on (38)-(41) as
Similarly, for the opening operation (42)- (45) are written as
The above equations can be rearranged to calculate the change in the current di for the closing (57) and opening (58) regimes:
The change in the current di for the first time step n =1 needs to be calculated differently because the (n-1) th time step does not exist. Therefore, the initial change in the closing current di 1 is calculated as
where L 0 ci is the initial value of the closing coil inductance (H). Similarly, the initial change of the opening current is calculated as
where L 0 oi is initial opening coil inductance (H). These inductances can be calculated based on ND-MEC parameters VOLUME 7, 2019 using (67) , as shown at the bottom of this page. Finally, the motion of the armature is determined using (61)- (63) .
By analyzing (49)- (63), it can be concluded that the above equations describe the closely intertwined electricalmagnetic-mechanical behavior of the MC. For instance, (49) and (53) describe the electrical state of the opening and closing coils, which is influenced by the inductances (50), (51) , (54) , and (55), which depend on the change in the linked magnetic flux, which depends on the change in the reluctances of the MEC, which in turn depends on the change in the position of the armature. Therefore, standard methods that rely only on decoupled problem analysis will provide flawed results when the complete dynamic behavior of the MC is analyzed. As a result, the application of the complete proposed method is essential for an accurate representation of MC dynamics.
VI. FORMULATION OF THE PROPOSED NT-PEM
Traditionally, MEC methods are applied only to quasistatic or periodic problems which arise due to constant or harmonic excitation. However, even for harmonic excitation, the response of a system can be non-linear due to nonlinearities in the ND-MEC parameters. Therefore, it is essential that the non-linear behavior of the circuit parameters and its effects on the output performance of a machine are accurately taken into account, and this is addressed by the proposed ND-MEC. However, analyzing the complete dynamics of electrical machines using MEC methods is subject to complications because dynamics-defining parameters such as force and inductance depend on the time derivatives of other parameters.
Calculating these parameters using the proposed NT-PEM method is discussed in this Son. However, it should be stressed that the results of force and inductance calculation depend not only on the input data for the current time step but also on the data from the previous step. Therefore, a combination of the ND-MEC, the TDM, and the path energy method for the calculation of electromagnetic force naturally extends the use of the equivalent circuit method to non-linear analysis in the time domain.
A. CALCULATION OF THE OUTPUT FORCE OF THE MC 1) FORCE CALCULATION METHOD BASED ON THE INDUCTANCE CHANGE
In general, electromagnetic force can be calculated as
where W * mag is the co-energy (J). This can be further expanded as
where i is the current (A), λ is the flux linkage (Wb), and L is the coil inductance (H). This approach is commonly used for calculating electromagnetic forces in actuators [51] - [55] . However, in combination with the ND-MEC, L(x) in (66), as shown at the bottom of this page can be expressed analytically using the parameters of the equivalent circuit as
where tot is the total permeance of the magnetic circuit with respect to the coil mmf source (H), and R tot is the total reluctance (1/H). R tot (x) is calculated by (68) . As previously discussed in Section III, most air reluctances are a function of the armature position and, hence, of the displacement x. Therefore, it is possible to obtain an analytical expression for ∂L(x)/∂x in (66) by substituting (68) into (67), and differentiating the latter. In this way, ∂L(x)/∂x can be represented by a polynomial function of position x. For the studied circuit, (69) is obtained Therefore, electromagnetic force (66) becomes a function of the current armature position x rather than the change in its position dx. This avoids certain numerical difficulties when employing TDM. Equation (69) illustrates a useful feature of the ND-MEC method that allows it to account for variations in stray and leakage reluctances in a magnetic circuit, clearly expressing them as functions of MC displacement. Obtaining a single equation for the derivative of the inductance can be extremely useful for the convenient analysis of force or torque 
37844 VOLUME 7, 2019 in a variety of electrical machines in which the electromagnetic force is reactive in nature. However, a complication arises due to both the magnet and coils being present in this contactor design. It can be observed that the influence of the magnet is not included in (66) . Therefore, the holding force of the magnet in a closed state cannot be calculated. Calculating the repulsive force between the opening coil and the magnet is also essential for the analysis of the opening process. This is a significant drawback of utilizing the change in inductance, thus limiting its applicability in the accurate calculation of force in PM-type MCs. In order to address these problems, a path energy method is proposed in the following subsection.
2) THE PROPOSED FORCE CALCULATION METHOD BASED ON CHANGE IN PATH ENERGY
In this sub-section, force calculation based on the change in path energy is conducted, addressing the problem stated in the previous sub-section. Energy methods are generally much more fundamental in nature and account for multiple energy contributions [56] . Because this approach uses the change in energy, to which both coils and magnet contribute, it accounts for any variation in the parameters, such as current amplitude or change in sign, magnet demagnetization, or the variation in distance between the coils and the magnet [57] , [58] . The electromagnetic force is calculated as
where V i is the volume of the regions with constant flux densities B i and field intensities H i (m 3 ). Energy is summed for all non-leakage air reluctances. However, different air reluctances contribute differently to the generation of force because the magnetic flux direction does not necessarily coincide with the motion direction. Commonly, when the main magnetic path circuit in Fig. 2 is analyzed, only the main and side gap reluctances and their energies are considered. This is because the main magnetic flux is exactly normal to the core poles, and its direction always coincides with the direction of the displacement vector. However, magnetic fluxes in the other air reluctances of the complete ND-MEC in Fig. 3 (b) also contribute to force because they are not necessarily perpendicular to the direction of motion. Therefore, a novel approach for estimating these contributions is proposed. In order to account for variations in energy contributions depending on the air paths the magnetic fluxes take, (71) is written as
where k wi is a coefficient that identifies the fraction of the i-air path energy participating in force production, and a s.avi is the average value of the parameter a s , (m). The subscripts 1/4 and 1/2 in (73) and (74) refer to quarter-and half-ellipse circumference paths, respectively. The geometrical meaning of k w is the ratio of semi-major axis a, which is proportional to the normal component of flux density vector B n , to the length of the elliptical path, which is proportional to the amplitude of the total vector B. This approach is only approximate because the actual value of B n changes along the length of the elliptical arc. However, it must be noted that this approach allows k w to be calculated for every time step, meaning that the effects of any change in position or current are reflected in (72) . This method is in good agreement with FEA results, as shown in the next Section. Table 4 shows that the stored energy varies greatly among the air reluctances in the ND-MEC. This state is chosen because of large main gaps since otherwise the energy stored in the main path air gaps is too small. It can be seen that the energy stored along the path associated with the reluctance R c2s is more than three times higher than the main air gap energy, illustrating the significance of the influence that this region has on the overall behavior of the MC. On the other hand, its actual contribution to the force is almost two times smaller due to the considerable bending of the flux path, as reflected in the value of the associated k w .
By analyzing Table 4 , it can be concluded that a model that considers only main flux air path contributions would predict lower output forces. On the other hand, a model that does not correct for path bending or the misalignment between the force and displacement vectors would predict unrealistically large forces. Therefore, it is extremely important to account for contributions of all air paths and apply corrections for the factors that are otherwise ignored in traditional MEC methods. The TDM form of the force calculation equation (70) is given by (75) where the n th step components are calculated using (72)- (74).
B. COMBINATION OF THE ND-MEC, TDM, AND PATH ENERGY METHOD INTO THE NT-PEM
The previous sub-section explicitly demonstrates that path energies, including those of stray paths which are the main focus of Sections III and IV, play a significant role in the dynamic behavior of an MC. By substituting (75) into (61), a complete electrical-magnetic-mechanical coupled problem for the dynamics of an MC can be formulated. It is solved with the NT-PEM, which is naturally derived from the combination of the ND-MEC, TDM, and path energy method. As discussed in Section V lumped electrical parameters, such as inductances, represent a simplification of the significantly more complicated magneto-mechanical response of the ND-MEC to applied voltage and mechanical constraints. Therefore, solving the ND-MEC at every time step leads to an accurate representation of the physical behavior of the MC, whereas the application of the TDM allows time-derivative dependent variables such as inductance and electromagnetic force to be calculated. Consequently, output parameters of interest such as displacement, velocity, output force, and electric current are obtained as a function of time, which is essential for understanding the dynamic performance of an MC. 15 shows that the proposed NT-PEM algorithm, which consists of several sub-routines performing calculations on the current step and an additional sub-routing program that acts as data storage and as an access point for different time steps. The presented algorithm illustrates the calculation procedure for the n th step and is executed repeatedly for all n max steps. Boxes with no input variables in Fig. 15 represent analysis constants such as MC geometry, magnetic and electric circuit parameters, and TDM parameters. The special attributes of the calculation of the first step were discussed previously in Section V. Because almost all calculations conducted on the n th step require (n-1) th step data as an additional input, associated parameters are illustrated by the dashed inward arrows in Fig. 15 . Similarly, all data of interest calculated at the current step is stored in the relevant section of the managing sub-program, and associated parameters are illustrated by the dashed outward arrows.
While any combination of calculated parameters can be used to analyze the results, the parameters of most interest in this study are electrical current, electromagnetic force, and output displacement. These are used to evaluate MC performance and verify the proposed method in the next Section. 
VII. MC PERFORMANCE EVALUATION USING THE NT-PEM AND THE VERIFICATION OF THE PROPOSED METHOD A. CLOSING OPERATION OF THE MC
The applicability of the proposed NT-PEM is validated by evaluating the dynamic behavior of the MC during closing operation and comparing the results with 3D FEA analysis calculated using JMAG and experimental data obtained from an MC prototype (Figs. 16-18 ). Equations in Section V are solved using the TDM with dt = 0.1 ms. The analysis is conducted in the MATLAB environment using original scripts. The FE solution is obtained using the commercial 3D modeling software JMAG. Forces in the NT-PEM are calculated using both the change in inductance and energy, as discussed in Section VI. Both approaches provide good agreement with FE modeling results. This might be unexpected because the influence of the magnet is omitted when using the change in inductance to calculate the results. However, this can be explained by the fact that the contribution of the magnet to the force becomes significant only when the main air gap is extremely small. Therefore, the force is mainly determined by the coil current for most of the displacement range during the closing of the MC due to the large main air gap. This argument is supported by the fact that the shape of the electromagnetic force in Fig. 16 is similar to the shape of the coil current in Fig. 17 . Though slight differences can be observed in the force calculation results, the displacement calculation results in Fig. 18 are almost identical for the FEA and the NT-PEM.
The differences between the model and experimental results in Figs. 17 and 18 are a consequence of the effects not taken into account by either model (e.g., eddy currents, coil energy loss, the temperature dependence of the magnetic parameters, manufacturing errors, and effects arising from mechanical collisions between the armature and stator). The amplitude of the current calculated using the NT-PEM is slightly more accurate compared to the FEA. On the other hand, the predicted total time until the current reaches zero is slightly longer. Nevertheless, the difference between the experimental and calculation results is between 5 and 10%, indicating that the proposed method is highly accurate. It should be emphasized that this is particularly remarkable because the proposed method not only solves quasi-static problems but also evaluates complete actuator dynamics in the time domain. Although the FE model is primarily used to determine the NT-PEM parameters in this study, further analysis of experimental data can be used to improve the accuracy of the method.
B. MAGNET HOLDING FORCE IN A CLOSED STATE
An additional experiment is conducted during the closed state to evaluate the holding force produced by the magnet. In the FEA, both the closing and opening coil currents are kept at zero at the end of the closing operation, and the electromagnetic force due to the magnet alone is calculated. In the NT-PEM, the magnet holding force is calculated based on the consideration of path energies. Fig. 19 shows that the holding force of the magnet reaches 23.1 N in the FEA. The NT-PEM result is 22.9 N, a difference of less than 1%. 
C. OPENING OPERATION OF THE MC
The opening of the MC is studied in the same manner as the closing discussed in Section VII. During the opening operation, the direction of the opening current opposes that of the closing current, leading to the reversal of the sign of the coil mmf in Fig. 12 (c) and repulsion between the opening coil current and the main magnet. As discussed in Section VI, only the path energy method can be used to calculate the opening repulsive force in this MC. As the coil current increases at the beginning of opening operation, it decreases the attractive electromagnetic force produced by the magnet from the magnet holding force down to zero, as shown in Fig. 20 . The force then becomes purely repulsive and increases as the coil current grows. However, it later starts decreasing because the distance between the coil and the magnet becomes too large. When the magnet holding force drops below a specific value, the energy stored in the opening spring during closing is released, accelerating the movement of the armature. Consequently, the overall dynamic behavior of the MC during opening operation is determined to a significant extent by the opening spring. This means less time is required to complete the opening operation, which is important for preventing the welding of moving contacts with stationary ones. The difference between the FEA and NT-PEM force calculation results in Fig. 21 can be attributed to the difference in the current. 
D. MAGNET HOLDING FORCE IN A CLOSED STATE
The electromagnetic force during the opening is lower than that during the closing in Fig. 16 because of the lower supply current and higher magnet flux leakage. The latter is a consequence of flux redistribution in the MC magnetic circuit after the sign of the coil mmf is reversed. While only ms flux is attributed to magnet leakage during the closing operation, the analysis of ND-MEC flux distribution during the opening shows that almost half of the c2s flux circulates around the magnet without contributing to the linked flux. Simultaneously, the coil magnetic flux does not reach the side gap R g2 , taking shorter paths through R g2s directly to the stator wall. These effects occur only when the opening coil and the magnet are sufficiently far apart. As a result, the energy contributions of the air regions surrounding the armature are adjusted to account for these effects. Overall, the flux distribution in the ND-MEC during opening operation is clearly different from that during closing. This leads to the difference between the force curves in Figs. 16 and 20 .
It should be mentioned that the inductances (50), (51), (54) , and (55) are found to be most susceptible to numerical errors during TDM analysis. While the accuracy of the results for the opening operation is lower than that of the closing, the associated errors are still below 10%, meaning that this method can be reliably used for the proposed purposes.
VIII. DISCUSSIONS AND FINAL REMARKS A. THE COMPUTATIONAL SPEED AND ACCURACY OF THE PROPOSED NT-PEM 1) COMPUTATIONAL SPEED OF THE NT-PEM COMPARED WITH FE TIME-STEP ANALYSIS
The results presented in Section VII show good agreement between the FEA, NT-PEM, and experiment results, with the error not exceeding 10%. However, the proposed NT-PEM is significantly more computationally efficient than FEA. Table 5 shows that the proposed NT-PEM is faster than FEA of comparable accuracy. Moreover, even FEA with coarse mesh (i.e., a low number of elements) still requires a computational time that is more than 50 times longer due to non-linear transient analysis. Because the accuracy of FEA is proportional to the mesh refinement level and consequently to the computational time, the average error of fast FEA increases, exceeding 20% compared to the experiment results. Therefore, for FEA to provide better accuracy, the said ratio of computational time must exceed 500 times, requiring more than 1 h for a complete analysis to be conducted (see Table 5 ). This leads to significant computational costs when employing FEA for PM-type MCs. In contrast, the complete operating cycle is computed in 6.7 seconds using the NT-PEM, allowing the cost-efficient analysis and optimization of numerous designs. In addition, relationships between its input parameters can easily be programmed, and optimization algorithms can be conveniently incorporated into the analysis because NT-PEM does not require specialized software for its implementation.
2) ACCURACY OF THE NT-PEM COMPARED TO THE TRADITIONAL MEC METHODS
The high accuracy of the NT-PEM is achieved due to the high accuracy of the individual components, such as the proposed ND-MEC, and their combination, e.g., the ND-MEC combined with the TDM. As mentioned in Section II, the accuracy of traditional MEC methods decreases when the effects of non-linear material properties and complicated magnetic flux distributions are significant. This problem is addressed by introducing several improvements in the ND-MEC method.
The accuracy of the traditional MEC is enhanced by incorporating material non-linearities into the analysis. This is achieved by employing an algorithm to estimate the working point on the B-H curve for the flux guide steel, as discussed in Section III. This algorithm uses the rational function µ r (H ) for core permeability correction, which allows the estimation of the variation in core permeability with the current and the position of the armature. The high accuracy of the approximation proves the applicability of the rational function in the ND-MEC model. It should be mentioned that the overall computational time of the TDM depends on the number of iterations in the core permeability correction routine, meaning that further optimization of this technique could reduce the time required for convergence and decrease the overall computational time of the model even further. A new approach to modeling stray fluxes is proposed. It is assumed that stray fluxes follow elliptical paths outside core regions, providing a concise approach to the calculation of associated reluctances. The accuracy of this approach is first verified using a simple model in Section III and then using a complete version of the ND-MEC, in which it successfully modeled the complicated 3D flux distribution of an MC magnetic circuit. This MC design is particularly suitable for illustrating the applicability of the new stray flux evaluation method because a significant portion of its total flux does flow outside the flux guide region.
The combination of the iterative algorithm for calculating the non-linear core permeability with the elliptical path approach in the proposed structure of the ND-MEC addresses the drawbacks of traditional MEC methods, expanding the applicability of MEC analysis by improving its accuracy and extending the number of possible problems to which it can be applied.
B. ADVANTAGES OF THE PROPOSED ELLIPTICAL FUNCTION FOR STRAY PATH RELUCTANCE ESTIMATION IN ND-MEC 1) MODELING FLUX PATHS WITH ARBITRARY SHAPES AS ELLIPTICAL ARCS
This study proposes a novel approach to estimating the lengths of stray flux paths using the elliptical function introduced in Section III. The main assumption in this proposed approach is that the shape of a stray flux path can be represented by the arc of an ellipse. Therefore, the overall shape of a flux loop can be considered as being pieced together from multiple elliptical arcs, as illustrated in Fig. 23 . The validity of this assumption can be tested by considering the field lines in core regions, which are commonly represented by straight-line paths in MEC models. Fig. 23 (b) shows that field lines bend near the corners of the core, producing corner saturation, a well-known local effect. This results in the slight bending of the lines within the core. Consequently, field lines follow elliptical paths that can be treated as the arcs of an imaginary ellipse with a very long focal distance, as discussed in Section III. One consequence of this observation is that the flux paths in the core in Figs. 23 (a) and (b) are longer than the paths calculated using straight-line approximation. However, this effect is rather small and can generally be neglected without any effect on the accuracy of the model. Nevertheless, this shows that, in principle, elliptical path representation can explain both flux line bending and local core saturation effects. Similarly, when a flux line with a small tangential component of flux density B t approaches the air gap, it passes through almost undisturbed, forming a near-straight line path due to the continuity of the magnetic flux density [59] - [61] . On the other hand, lines that bend more inside the core tend to deviate from straight-line paths to follow elliptical paths outside the core region. Therefore, a complete loop is indeed a combination of multiple elliptical arcs that are separated due to non-homogeneities in the medium (e.g., by the presence of regions with different magnetic properties and sources of magnetic excitation). Therefore, this example illustrates that the proposed elliptical function is able to model all cases typically used in main and leakage path modeling while not requiring an assumption about the exact shape of the flux path to be made.
2) POTENTIAL FOR THE FURTHER GENERALIZATION USING K -ELLIPSES
It is possible for field lines to be significantly disturbed by strong electric currents and the high saturation of ferromagnetic regions, as shown in Fig. 23 (a) . In FE analysis, this is reflected by the non-homogeneous distribution of magnetic vector potential. For the elliptical path method presented in this study, this disturbance implies the existence of multiple focal points for the same elliptical arc representing a bent flux path. Therefore, the path follows an arc of a k-ellipse [62] , [63] . The shape of k-ellipses can be distorted more than that of 2-ellipses due to the additional foci, which represent sources of distortion in the magnetic field. The elliptical path approach has the potential to model all flux paths with arbitrary shapes and complexity if k-ellipse mathematics is used, which could represent a generalized modeling approach applicable but not limited to the ND-MEC method. However, for engineering purposes, simplified versions (e.g., the 2-foci ellipse method proposed in this paper) should be implemented. 
2) ADVANTAGES OF THE PATH ENERGY ANALYSIS FOR THE ACCURATE ESTIMATION OF ELECTROMAGNETIC FORCES
The most important consequence of flux distribution analysis is the ability to estimate the extent to which stray flux path energy contributes to the output force of the MC. This is best illustrated by analyzing the stray fluxR c2s in the side air gap region. Magnetic flux through this region is very high, and it changes rapidly due to armature motion. While R c2s reluctance does not directly depend on displacement, its flux changes due to the redistribution of magnetic fluxes in the branches of the ND-MEC with armature displacement. Changes in magnetic flux indicate that magnetic energy varies with armature displacement, contributing to the output force in (70) . On the other hand, stray reluctances contribute to the derivative of inductance as in (67) , affecting the calculation of force. Hence, stray reluctances play a significant role in the calculation of force using either the change in inductance or the change in energy. However, force calculation using the energy-change method must be corrected for the misalignment between the force and displacement vectors using the coefficient k w , which accounts for the bending of the flux tubes in (72)- (74) . The combination of the path energy method and the proposed coefficient results in the highly accurate calculation of force in all studied regimes. This is particularly important for MC performance analysis because the path energy method discussed in Section VI allows the electromagnetic forces arising from the interaction between the coils and the magnet to be calculated. Otherwise, the calculation of electromagnetic forces is limited to cases where the forces are reactive or where the contribution of one of the sources (i.e., the coils or magnet) can be ignored.
D. ADVANTAGES OF THE NT-PEM FOR THE COMPLETE EVALUATION OF THE DYNAMICS OF ELECTRICAL MACHINES 1) OVERCOMING THE QUASI-STATIC LIMITATIONS OF THE MEC METHOD BY INTEGRATING THE TDM
Although the ND-MEC method is able to represent the flux distribution and calculate energy with high accuracy, the NT-PEM is required to realize the full potential of the methodology proposed in this paper. The ND-MEC approach, and MEC methods in general, are in principle analogous to quasi-static FEA. However, quasi-static representation only allows dynamics to be assessed in a limited number of cases. For instance, the analysis of the periodic steady-state performance of rotating machines allows guiding equations to be formulated in terms of relative angle rather than time or position, resulting in a possibility to calculate forces analytically [19] , [23] . Outside of isolated cases such as this, however, MEC methods generally do not allow dynamics to be evaluated. Therefore, much of the research that has proposed new MECs still requires the use of the FEM to assess performance in the time domain [23] , [25] . In addition, the relationship between time, speed, and displacement for linear actuators such as an MC is generally unknown, unlike the relationship between frequency, angular velocity, and the rotor positions of a rotating machine. This means any analysis of the dynamics of the linear motion of the MC is much more complex. Therefore, the ability to evaluate the non-linear dynamics of an MC is a crucial feature of the proposed NT-PEM, which illustrates its advantages over other methods. The advantages of the ND-MEC can be extended to the time domain via the NT-PEM, which is based on the path energy method proposed in Section VI, which allows the highly accurate calculation of force because the magnetic and mechanical non-linearities of the ND-MEC are carefully considered. The addition of correction coefficients further increases the accuracy of the proposed method, accounting for the 3D nature of the magnetic field distribution in an MC.
2) MODELING NON-LINEAR AND NON-PERIODIC DYNAMICS
The validity of the NT-PEM is proven by the accurate calculation of the non-linear performance characteristics of the MC shown in Figs. 16-22 . It should be stressed that an important advantage of the proposed method is that is can be used for cases that involve multiple excitation sources. This study shows that the NT-PEM can be employed to calculate both the attractive and repulsive forces between the coils and the PM. Moreover, unlike many other models dealing with coilmagnet force calculation, the calculation of force in the proposed method takes into account the actual geometry of the magnetic circuit and the PM without requiring assumptions or simplifications. The provided solution is more general than approaches that require the construction of polynomial representations of forces and flux linkages. The correction coefficient used in Section VI has an exact physical meaning and is calculated based on ND-MEC parameters. This allows the NT-PEM to maintain generality when applied to cases other than the studied MC.
The above discussion indicates that the proposed NT-PEM can be used for the design and analysis of various electrical machines, considerably extending the area of applicability of the method. While the electrical and mechanical equations and the corresponding ND-MEC need to be specific to the electrical machine under analysis, the overall structure of the NT-PEM in Fig. 15 remains unchanged. This illustrates the great potential for the use of the NT-PEM in the highspeed, highly accurate, and low-cost analytical analysis of electrical machines. It is also worth noting that this method is not necessarily limited to electrical machine analysis and design, as discussed in the next sub-section.
E. POTENTIAL APPLICATION OF THE NT-PEM IN MULTIDISCIPLENARY RESEARCH AREAS 1) THE IMPORTANCE OF NON-LINEAR COUPLED ANALYSIS IN MULTIDISCIPLINARY RESEARCH
As previously discussed, most energy conversion devices, including but not limited to electrical machines, are complex systems where multiple physical aspects are coupled together. Decoupling remains a common method of modeling physical reality in engineering design. Due to the complexity of the underlying physics, engineering models tend to approximate and simplify inherently coupled problems, often by applying empirical techniques and models based on prior experience. The electrical-magnetic-mechanical problem studied in this paper is a well-known example that is rarely solved accurately for each of its three aspects simultaneously [64] . Nevertheless, coupling is necessary to model the dynamics of an MC in the time domain. A similar argument can be made for many emerging fields where decoupling techniques are not known or cannot be readily implemented. For instance, smart materials, which hold enormous potential for use in novel devices, inherently couple several physical aspects. The bestknown examples are piezoelectric materials, which exhibit electrostatic-mechanical coupling [65] , shape memory alloys (SMAs), in which a mechanical response is triggered by temperature [66] , and ferromagnetic shape memory alloys (FSMAs or MSMs), which exhibit magneto-mechanical coupling [67] . The application of decoupled analysis techniques to these materials can result in a non-realistic representation of their properties, potentially leading to the neglect of many important properties or the failure to realize the full potential of new technologies. Moreover, many smart materials, especially those exhibiting a shape memory effect, have non-linear magneto-mechanical or thermal-mechanical characteristics with distinct hysteresis [68] - [70] . This makes designing novel devices based on smart materials extremely challenging.
2) BRIDGING METHODOLOGICAL DIFFERENCES FOR EMERGING TECHNOLOGIES
Although novel design and analysis techniques are required for emerging technologies, a challenge that needs to be overcome is the considerable methodological differences that exist between the approaches used in different fields. For instance, models proposed for smart materials are typically characterized by their extreme mathematical complexity, limiting their compatibility with engineering design techniques [71] . An alternative approach based on the accurate modeling of only those properties of a new material directly related to engineering applications has recently been proposed for MSM actuators [72] , [73] . However, this method relies on FEA, making it computationally expensive. Similarly, FEA has been used to analyze complex structures associated with porous materials and foams [74] , [75] . However, FEM software is usually tailored for specific purposes, which acts as an obstacle for more generalized applications.
3) APPLICABILITY OF THE NT-PEM IN MULTIDISCIPLENARY RESEARCH
This study illustrates that equivalent circuit models can be employed in multidomain analysis via the NT-PEM. As proven by this study, the NT-PEM allows the analysis of coupled problems that exhibit non-linear dynamic behavior, something which is essential for multidisciplinary research. The ability to simplify differential equations via the TDM allows any problem to be formulated using a consistent engineering language, producing a comprehensive analysis and design model that can be rapidly solved with a computer. The ND-MEC method outlined in this study proves that it is possible to represent the complicated 3D behavior of physical fields with lumped parameters when the characteristics of these fields are carefully considered (e.g., the application of an elliptical function for magnetic paths). This approach resembles homogenization techniques, which are widely used in multidisciplinary research [76] - [78] . However, the NT-PEM method allows the analysis of not only particular components (e.g., novel materials and their behavior) of a device but also the device as a whole and its performance under real conditions. This is achieved by localizing the complexity related to the geometrical features, non-linearities, and non-homogeneities of the material properties in lumped parameters [3] , [60] , such as the reluctances of the ND-MEC, allowing the method to be generally applicable to a wide range of multidisciplinary problems.
4) ADVANTAGES OF THE PROPOSED NT-PEM COMPARED TO TRADITIONAL METHODS
An example of a field where equivalent circuit methods have already demonstrated some success is piezoelectric energy harvesting [79] , [80] . However, complications arise due to the complexity of the electrostatic-mechanical equations. The traditional coupling approach for interrelated electrical and VOLUME 7, 2019 mechanical problems is related to the implementation of electromechanical circuits [81] , [82] . This approach is based on matching the energy flow throughout the harvester [83] . Therefore, the equivalent circuit method provides a unified representation of multi-domain systems in the same way the ND-MEC is utilized in the NT-PEM. However, while the properties of piezoelectric materials can be treated as linear, the frequency response and dynamic behavior of various smart materials exhibit strongly non-linear behavior [84] , [85] . Therefore, an accurate method for analyzing nonlinear dynamics, such as the proposed NT-PEM, is needed to represent the behavior of complex multiphysics systems with high accuracy.
IX. CONLCUSIONS
This paper proposes the NT-PEM, a novel analytical method for the analysis of the dynamic performance of electrical machines that is applied to the analysis of PM-type MCs. The goal of accurately evaluating the overall dynamics of the MC is achieved by incorporating several novel approaches into the NT-PEM. These approaches address the common drawbacks of traditional analytical methods and are outlined below.
1. The MC modeled in this study, which has a PM and large air gaps, is characterized by two types of non-linearity, one owing to the non-linear magnetic properties of the core, the other to the non-linear dependence of stray-path reluctances on armature displacement. These effects mean that traditional MEC methods cannot be employed to analyze PM-type MCs, necessitating the use of time-consuming and computationally expensive FEA. Hence, one of the significant contributions of this paper is that the proposed ND-MEC method incorporates solutions to both of these problems. This is achieved by proposing two novel techniques which significantly increase the accuracy of the analysis. First, an iterative algorithm for core permeability correction using a rational approximation of the experimental B-H curve is proposed to account for material non-linearities. Second, stray path reluctances are introduced and calculated using an elliptical function, which accurately accounts for both the distribution of stray fluxes and their dependence on armature position. The accuracy of the ND-MEC is verified by comparing its performance with 3D FEA in Section III.
2. Traditional methods for the calculation of electromagnetic force in electrical machines commonly consider linear or periodic cases, for which an analytical solution can be obtained. However, the dynamics of the studied MC are both non-linear and non-periodic, limiting the use of traditional methods. This problem is addressed by first applying an inductance-change method in Section VI, which accounts for non-linear effects. However, this approach is still limited by the number of excitation sources. In order to address this problem, a novel path energy method, which builds on the ability of the ND-MEC to model dynamic changes in the magnetic field distribution, is proposed in Section VI. This extends the applicability of the ND-MEC to complex electromagnetic force calculations that incorporate nonlinear effects and multiple excitation sources (i.e., both coils and the PM).
3. The non-linearity and non-periodicity of the performance characteristics of PM-type MCs means that analyzing the overall dynamics using traditional methods is impossible. This problem is solved in this study using the NT-PEM method, which combines the ND-MEC with the TDM and the path energy method to calculate the force. This means it is possible to analyze non-linear dynamics with high accuracy. The method is verified by comparing its performance to 3D FEA and experimental results obtained from an MC prototype, proving its applicability and accuracy. The proposed method is fast, accurate, and computationally inexpensive, which gives it an advantage over time-consuming and computationally expensive FEA when many designs need to be evaluated and optimized.
4. The potential for the NT-PEM to model coupled multidomain problems, such as the electro-magnetic-mechanical coupled problem studied in this paper, makes this method very promising for a wider range of multiphysics problems. First, other types of electrical machines that utilize both linear and rotational motion can be analyzed. Second, novel smartmaterial-based applications, which inherently couple multiphysics effects, can be analyzed using the proposed method. This is very promising due to the ability to connect multiple domains in a single physically valid equivalent circuit, which can be easily tailored for a particular problem. Circuit parameters can be easily adjusted, unlike in FEA, which is accurate but not sufficiently flexible when applied in emerging fields for which a sufficiently reliable methodology has yet to be developed.
